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Abstract 
 
We consider the quantum hydro -

dynamic model which describes tunneling of 
electrons through potential barriers in 
semiconductor devices. The existence and 
uniqueness of solutions of the thermal 
equilibrium states of the quantum hydro- 
dynamic model for semiconductors is studied in 
one space dimension.  

 
1. Introduction 

 
Nowadays, semiconductor materials 

are contained in almost all electronic devices, 
Depending on the device structure, the main 
transport phenomena of the electrons may be 
different. We can divide semiconductor models 
in three classes: quantum models, kinetic 
models and fluiddynamical (macroscopic) 
models. 

We study the existence result of the 
thermal equilibrium states of the quantum 
hydro-dynamic model (QHD) for semi- 
conductors. The QHD describes electron 
transport in a semiconductor as a quantum 
field. It is an extension of the classical 
hydrodynamic model including quantum 
corrections. These quantum terms allow a 
description of quantum effects, for example, 
tunneling of electrons through potential barriers 
in semiconductor devices like a resonant 
tunneling diode. 

The equations  of the QHD in one 
space dimension read 
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 where we have assumed that the 
isentropic case , i.e., the temperature T is given 
as a function  of the charge density n .The 
electric potential V is given by  
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Where ε  = dielectric constant                                                                      

            q  = the electric charge 

             C = the velocity profile   

          k  = the Boltzmann constant  

           pτ =  the momentum relaxation time 

               m  =  the effective electron mass 

  v = the velocity of the electron 

h =  the reduced Planck’s constant 

             h  = Planck’s constant 

       (6.626068 × 10-34 m2 kg / s)  

The electric field is given by                       

xqVE −= . In the isentropic case, the charge 

density dependence of the temperature is given 
by 
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The equations describing thermal 
equilibrium can be obtained from stationary 
case of (2) by setting the current density J 

=  nv to zero. That is  
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At the boundary of the domain, we 
prescribe the charge density. As additional 
boundary condition, we take a vanishing first 
derivative of the charge density at the 
boundary. After an appropriate scaling, we 
obtain for Ω=∈ )1,0(x (semiconductor interval 
after scaling) 
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(7)          nCxE −=2λ  
with boundary conditions for the charge density 
n 

0)1()0(,1)1(,0)0( ==== xnxnnnnn  

where δ = the scaled Planck’s constant 

λ = the scaled Debye length 

Dividing (6) by n, taking derivative 
, using (7) and Setting u=ln n,  we obtain 
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With boundary conditions for u 
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From (6), we obtain 
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The nonlinear fourth order equation (8) with 
boundary condition (9) is the problem to be 
analyzed in this paper, which is organized in 
the following way. 
 
2. Modeling of The Quantum Hydro- 
dynamic Models 
 
 The nonlinear Schrödinger equation 
(NLS) is 
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is a fundamental equation in many physical 
problems that involve the evolution of the 
envelope of nonlinear wave packet. Here 
Ψ denotes the wave function, V  a smooth real 
function and ε  is the scaled Planck constant. A 
physical example is the focusing of a laser 
beam, which is modeled by the NLS with the 
coordinate along the beam playing the role of 
time. If we introduce the complex-valued wave 
function 
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where A, S are the real valued functions, A is 
called the amplitude and S the classical action. 
Easy calculation yields 
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(1) becomes  
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By separating real and imaginary parts, 
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Differentiating (4) with respect to x, we obtain 
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Multiplying (3) by 2A, we obtain 
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which is analogous to the equation of 
continuity. 
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Multiplying by n, we obtain  

( )
0

2

2

).
2

( =−′′++ 








x
n

xn
nxnAVnxnvvtnv

ε
 

 
And this implies 
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Multiplying (8) by )(nV ′ , 
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Multiplying (10) by 
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By (11), (12), (13), (14), (15), we obtain 
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Adding (16) and (17) 

( )
xn

xnxJxxJn

x
nPE

n
J

tE 






 −
=++

4

2

))((
ε

 

 
Which is the equation of conservation of 
energy. 
 

3. Existence of Solutions 
3.1 Lemma Suppose )1,0(
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uxuxxu  

Where )1,,min(
∗≤∗ kkc  

( ) 







+

∗
≤++

ε

δ
δ

2

14
2

3

1

c

c
u

x
u

xx
u implies 

( ) 




 +∗∗≤++ 2

2112
2

δαδ ccu
x

u
xx

u  









+∗∗= 2

2

1
212 δ

α
α

c
cc  






 +∗∗≤ 2

124 δαcc  

,
2

1
2
1






 +≤ δc  where ∗∗= ccc 24

2
1  

( ) ( )δδ +≤++ 1)10( cu
x

u
xx

u  implies 

 



 6

( ) ( )δ+≤++∗∗∗
1cu

x
u

xx
uc where 

)1,min(δ=∗∗∗c  

( )
2

cu
x

u
xx

u ≤++  where ∗∗∗
+

=
c

c
c

)1(
2

δ
 

( ) 2
2

2
cu

x
u

xx
u ≤++  

2
2

2

)1,0(2
c

H
u ≤  implies 

2)1,0(2
c

H
u ≤  

 
3.2 Theorem: Let )1,0(

∞∈ LC . Then the 

problem 1(8) has a solution )1,0(
2

Hu ∈ . 
Proof: Consider the problem 

01
1

2
2

2
2

)1( =−+
−

−++− 















Cu

v

v
e

xxu

xx

xu

xxu
λ

σ
σδ  

with ]1,0[∈σ , boundary conditions 
0)1()0(,1)1(,0)0()2( ==== xuxuuuuu σσ  and 

]1,0[
1,0

Cv∈  
We multiply (1) by test function φ and 
integrating from 0 to 1, we obtain 

−∫−∫ +− 







dxxxudxxx

xu
xxu

1

0

1

0 2

2
2 φφσδ  

0
1

0
1

1
2 =∫ −+

−








dxCu

v

v
e

φ
λ

σ
 

( ) +∫−=∫
−

++ 








 1

0

2

2

21

0

1

2

2
dx

xxx
udxu

v

ve
xxuxxxxu φ

σδ
φ

λ

σ
φφδ

( )∫ −
1

0

1
2

dxC φ
λ

σ  

 

Defining the bilinear form by 
 

dxw
v

v
e

xxwxxxxwwa ∫
−

++= 






1

0

1
2

2
),()3( φ

λ

σ
φφδφ  

 

We will show that this bilinear form is 
continuous and coercive. 
 
(i) Continuity 

dxw
v

v
e

xxwxxxxwwa ]
1

0

1
2

2
[),( ∫

−
++= φ

λ

σ
φφδφ  

dxw
v

v
e

dxxxwdxxxxxw φ
λ

σ
φφδ ∫

−
+∫+∫≤

1

0

1
2

1

0

1

0

2  

22
1

22222
2 φ

λ

σ
φφδ w

v

v
e

xxwxxxxw
−

++≤

 

223222122
2

xxxx
wcxxxxwccxxxxw φφφδ ++≤

Therefore 

( ) 





≤≤

225
2

1
22

4),(
xx

wcxxxxwcwa φφφ

)(
2

, Ω∈∀ Hw φ where 321
2

4 cccc ++= δ   

 
(ii) Coercivity 

dxw
v

v
e

xwxxwwwa ]
21

2
21

0

22
[),(

−
++∫=

λ

σ
δ  

          ∫
−

∫ ++∫=
1

0

211

0 2
221

0

2
dxw

v

v
e

dxxwdxxxw
λ

σ
δ  

∫
−

∫ ++∫≥
1

0

211

0 2
2

2

2

11

0

2

2

2
dxw

v

v
e

dx
x

wdxxxw
λ

σδ  

2

2

32

2

12

2

2

w
c

xwxxw

∗
++=

δ
 

2

2

32

2

2
2

12

2

1
2

2

w
c

w

c

w

c

∗
+

∗
+

∗
≥

δ
 

2

2
3,

2

2
2

1
,

2

1
2

2
min w

c

cc 













 ∗

∗∗
≥

δ
 

2

6 wc=  
 

Therefore 
 

2
6),( wcwwa ≥  )(

2 Ω∈∀ Hw  

 
So, by Lax-Miligram theorem, this boundary 
value problem has a unique weak solution 

)1,0(
2

Hu ∈∀ . 
 Therefore, we can define the map 

]1,0[
1,0

]1,0[]1,0[
1,0

: CCT →×  by uvT =),( σ . It 
can be seen easily that the map T is continuous. 

Due to the compact imbedding of )1,0(
2

H in 

]1,0[
1,0

C , it is compact. Additionally, we have 

T(v,0)=0 ]1,0[
1,0

Cv ∈∀  and  
 

cCu ≤]1,0[1,0)4( ]1,0[]1,0[
1,0

),( ×∈∀ Cu σ  

with uvT =),( σ  
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Lemma 3.1 settles the case 1=σ . In the case 
1≠σ , the same steps as in the proof of lemma 

3.1 lead to  









++≤+− σ

ε

δ

αα
εα

δ 2

1
2

1

4

2
2
2)21(

2

2

)5(
c

xu
xxuc

and 



















+≤+−

ε

δ

αα
ε

α

δ 2

1
2

1

4

2

4
2

2

1

2

2

c

xu
xxu

c
. 

follows. 
 
All conditions of the Leray Schauder Fixed 

Point Theorem with Banach space ]1,0[
1,0

C  and 
compact map T are satisfied. The existence of a 
fixed point uuT =)1,( follows. 

Obviously, with )1,0(
2

Hu ∈ , the evaluation of 
the potential V in is straightforward. 
 

4. Uniqueness of the solutions u  in )1,0(
2

H  
 

In order to obtain uniqueness for small 
values of δ , we prove the following lemma. 
 

4.1 Lemma: Let )1,0(
2

, Hvu ∈ be two weak 
solutions of the problem 1(8).  

If 
δ2

1
)1,0( ≤∞+ Lxvxu , then vu = in 

)1,0(
2

H holds. 
 
Proof: Since u is a solution of 1(8), we obtain 

0)(2
1

2

2
2 =−−++− 








C

u
exxu

xx

xu
xxu

λ
δ  

 

Multiplying this equation by )( vu − and 
integrating on )1,0(=Ω gives 
 

+−∫+−∫ + 







dxxvxuxudxxxvxxuxu

xxu )(
1

0
)(

1

0 2

2
2

)1( δ

∫ =−−
1

0
0))((2

1
dxvuC

u
e

λ
 

 

Similarly 
 

+−∫+−∫ + 







dxxvxuxvdxxxvxxuxv

xxv )(
1

0
)(

1

0 2

2
2

)2( δ  

∫ =−−
1

0
0))((2

1
dxvuC

v
e

λ
 

 
 

Taking the difference of (1) and (2), we obtain 
 

+−−∫+∫ −= dxxxvxxu
x

v
x

udxxxvxxu ))(
22

(
1

02

21

0

2
)(

2
0

δ
δ

∫ −−+−∫
1

0
))((2

11

0

2)( dxvu
v

e
u

edx
x

v
x

u
λ

 

 

Since 0))(( ≥−− vu
v

e
u

e  

+−−∫+∫ − dxxxvxxu
x

v
x

udxxxvxxu ))(
22

(
1

02

21

0

2
)(

2 δ
δ

≥∫ −−+−∫
1

0
))((2

11

0

2)( dxvu
v

e
u

edx
x

v
x

u
λ

 

+−−∫+∫ − dxxxvxxu
x

v
x

udxxxvxxu ))(
22

(
1

02

21

0

2
)(

2 δ
δ

≥−∫
1

0

2
dx

x
v

x
u  

( ) +∫ −−+∫ −−− dxxvxuxxvxxudxxvxuxxvxxu
1

0
2

21

0
δδ

 

dx
x

v
x

uxvxuxxvxxu∫ +−−
1

02

2δ
 

( ) dx
x

v
x

u
xx

v
xx

udx
x

v
x

u
xx

v
xx

u ∫ −−−+∫ −−−≥
1

04

71

0

2 δ
δ

 

2

2

22

2
2

2
2

2

2

2

2 xvxu

xxvxxuxvxuxxvxxu
−

−−−−+−≥
δ

δ

0≥  which implies 

0
2

2

2
2

2

22
2

2 =
−

+
−

+−
x

v
x

u
x

v
x

u

xxvxxuδ  

 
By using Poincare’s Inequality 
 

0
2

2

2
2

2

22
2

2 =
−

+
−

+−
x

v
x

uk
x

v
x

u

xxvxxuδ  
 

this implies 
 

0
2
2 =− vu  which implies 

 

vu =  in )1,0(
2

H holds. 
 

This completes the proof. 
 
5. Conclusion 
 

The modern computer and 
telecommunication industry relies heavily on 
the use and development of semiconductor 
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devices. A very important fact of the success of 
semiconductor devices is that the device length 
is very small compared to previous electronic 
devices. .We studied the modeling of the 
quantum hydrodynamic model for semi 
conductors from nonlinear Schrödinger 
equation by using Madelung method. Then the 
existence, uniqueness of weak solutions of the 
thermal equilibrium states of one-dimensional 
quantum hydrodynamic model for semi 
conductors was studied by using modern theory 
of partial differential equations.  
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