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Abstract before we demonstrate the approach we adapted
in this paper.

There exist a number of problems relating tcb 1 Semi-open and Semi-closed sets
homeomorphisms and semi-homeomorphisms I'L%finition 1.p

generalized topological structures. In this paper, A gubset A of a topological space tXis

a study to reformulate the properties of semisaid to be semi-closed (briefly s-closed) if there
generalized homeomorphisms and generalizegiists a closed set F such that Int[FA O F.
semi-homeomorphisms is presented. Moreover, A subset B of (X) is called semi-open
the relationships between these two types dpriefly s-open) if its complement X\B is semi-

homeomorphisms are also investigated. closed in (Xt).

Definition 2:
Keywords- homeomorphism, semi-generalized _A subset A 9f a topolggical Space f.)(’is
homeomorphisms, generalized semi- said to be semi-open (briefly s-open) if there
homeomorphisms exists an open set V such thattVA 0O cl V

where cl V denotes the closure of V.
The complement of a semi-open set is called
emi-closed. (briefly s-closed).

1. Introduction

Semi-open  maps, generalizations of o o
homeomorphisms, semi-homeomorhisms werb' oposition 1. - The above definitions 1 and 2
firstly introduced by Biswas [1]. Semi- are equivalent.

homeomorphisms was continued to study b )
Crossley and Hildebrand in [2]. As an analog 2 Generalized open and closed sets and

of Maki [3], Caldas and Dontchev [4] alsoGeneralized Semi-open and Semi-closed

introduced theAs-sets (resp. Vs-sets) which areSets

intersections of semi-open (resp. union of semi-

closed) sets. In 2001, three classes of maps callBdfinition 3:

generalized A, open, generalized AS - A subset A of X said to be generalized open
homeoorphisms and generalized Als  (written as g-open) if El int A whenever F1 A
homeomorphisms due to [1, 2] were studied imnd F is closed in X.

[5]. The complement of a generalized open set is
called generalized closed (written as g-closed).
2. Preliminaries Definition 4:

In this section some preliminary concepts, A subset A of a space (,is said to be
definitions and some properties are presentggeneralized semi-open (written shortly as gs-



open) if FO sint A whenever i1 A and F is 2.3 Semi-generalized open and Semi-
closed in (X1).
The complement of a generalized semi-opeBefinition 5.

set is called generalized semi-closed (written

shortly as gs-closed).
Thus we have the following diagrams (Figure 1).0 vV whenever AJ V and V is semi-open.

P

open

N

Figurel (a)

/g-closed\

closed gs-closed

s-closed

Figure 1 (b)

Example 1.

Let X ={a,b,c} and 7 = {0, {a},{a, b}, X}.

Then

(i) {a,c} is sopen, heregsopen, but notg-

open.

(i) {b}isg-open, hergsopen, but nos-open.
Therefore, combining diagrams of Figure 1

Figure 2.

gs-open

generalized Closed sets

A subset A is said to be semi-generalized
closed set (written in short as sg-closed) if scl A

The complement of semi-generalized closed
set is called semi-generalized open set (written in
short as sg-open).

Proposition 2:

In a topological space, the followings are true.

(i) Every sclosed set is sgclosed
Consequently eversropen set isgopen.

(i) Every sgclosed set is gsclosed
Consequently evergg-open set igsopen.
Consider the diagrams given in Figure 1(a),

Figure 1(b) and Proposition 2, we have the

diagrams as illustrated in Figure 3 and Figure 4.

open —pg-open \

gs-open

s-open——p»sg-open /

Figure 3 (a)

closed —bg»closed\

gs-closed

and the above example, we have the diagrams in /
s-closed——ppsg-closed

Figure?2 (a)

///, g-closed ‘\/\A

closed gs-closed

R

Figure2 (b)

Figure 3 (b)

open ——Pg-open &\A

s-open——Ppsg-open
Figure4 (a)

closed —pg-closed \\

s-closed——psg-close
Figure 4 (b)



: . . Proposition 3:
3. Reformulation of Semi-Generalized Every semi-homeomorphism (B) is an sg-

Homeomor phisms homeomorphism
Proposition 4:
In this section, the concepts of sgEvery semi-homeomorphism (CH) is an sg-
homeomorphism, and sgc-homeomorphism ar@omeomorphism
studied, the properties of these two types dExample 2:
homeomorphism are also reformulated. X=Y={ab,c}
The group structure of the set of all sgcDefinet = {®, {a}, X} ando = {®, {b}, {a, b}, Y}.
homeomorphisms is investigated, and th&hen(X,)and(Y,o)are topological spaces.
induced isomorphism between the group sgcbefine a magf: (X,7) - (Y,0) by

(X,1) and the group sgch (&) is obtained. f(a)=b
_ f(b)=a
3.1 sg-Homeomor phisms flo) =c.
Thenf is an sg-homeomorphism fro@X, t) to
Definition 6: (Y, o). However f is not a semi-homeomorphism

A mapf: (X,T) - (Y, 0) is called irresolute  (B).
if f1(V) is s-open in (X5) , for every s-open set Example 3:
V of (Y, o). X=Y={abc)
Definition 7: Definet = {@, {a}, {b,c}, X} ando =
Amapf: (X,1) - (Y, o) is called pre-semi- {9{a},{b},{a,b},Y}. Then(X,7) and (Yp)are
open iff(V) is s-open in (Yg), for every s-open (oPological spaces.

set V of (X,1). Define a mapf: (X,7) - (¥,0) be the identity
Definition 8: so that B

A map mapf: (X,1) - (Y, o) is said to be f(a) =a
semi-homeomorphism (B) (simply s.h. (B)) if f(b) _ b
(i) fis bijective fle)=c.

Thenf is an sg-homeomorphism fro(X,7) to

(") f.'s continuous (Y,o). However,f is not a semi-homeomorphism
(i) fis s-open. (C.H.)
In this definition the letter (B) designates BiswasRe'mér'k 1:

who first introduced this concept. We note that the identity map X - Y is

Definition 9: i . ! o
not a semi-homeomorphism since it is not

Amapf: (X1) - (Y, 0) is said to be semi- continuous. Thus, from examples 2 and 3, we
homeomorphism (C.H.) (simply s.h. (C.H.)) if have the diégram ,below. P ’

(i) fis bijective

I L. semi-homeomorphism(B)

(i) f isirresolute

(i) f is pre-semi-open. /

In this definition the letter (C.H) designates sg-homeomorphism

Crossely and Hildebrand who first introduced

this concept. \

Definition 10: semi-homeomorphism(C.H.)
Amapf: (X,1) - (Y, 0) is called a semi- Figures.

generalized homeomorphism (abbreviated sg- 3o sgc-homeomor phisms

homeomorphism) if Definition 11:

() fis bijective

(i) f is sg-continuous A mapf: (X,1) - (Y, o) is calledsg

o irresolute iff * (F) is sg-closed in (), for
(i) fis sg-open. every sg-closed set F in (%).



Definition 12: semi-homeomorphism(B) z_—|_25g-homeomorphism
A map f: (X,T) -(Y, o) is called an sgc- //

homeomorphism if

(1) fis bijective homeomorphism
(2) f is sg-irresolute \
. _1. .
(3) The inverse map 1S Sg_lrreSOMte semi»homeomorphism(C.H.)2—_|—=Sgc—homeomorphism

Proposition 5:
Every semi-homeomorphism (C.H.) is an

, Figure6.
sgc-homeomqrph|_sm and every SgcY/vhere, p- g (resp. p— Q) represents that p
homeomorphism IS an sg-homeqmorh|sm. implies g (resp. p does not necessarily imply q).

Thus, semi-homeomorphism(CHpgc-
homeomorphism> sg-homeomorphism.
Proposition 6: 5. Generalized Semi-homeomor phisms

sgc-homeomorphism does not necessarily imply

semi-homeomorphism (C.H). In this part, the concepts of gs-

homemorphisms and gsc-homeomorphisms and
4. Group Structure of SOC-  their properties are studied. Then the group

homeomor phisms structure of the set of all gsc-homeomorphisms
are also studied, and the induced isomorphism
Theorem 1. between the group gsch @X,and gsch (¥g) is

Let (X,T) be a topological space. Then thealso presented.
followings are true;

() h(X,1) O sh.BO sgh (X1) 5.1 gs-Homeomor phisms

(i) h(X,;t) O sh.C.H. (X1r) O sgch (X1) O
sgh(Xy). Definition 13:

(iii) Under composition multiplication, the seta map f: (X,1) - (Y,0) is called a generalized
sgch (X7) is a group which contains sh.C.H.semi-homeomorphism (abbreviated gs-
(X,_t)_ and h(X71) as subgroups. homeomorphism) if

Proposition 7: (i) fis bijective

It may happen that (i) fis gs-continuous

(i) sh.C.H. (X1) is a proper subgroup of sgchgiiiy f is gs-open
X1 . Proposition 9:

In fact, an sgch will not necessarily be an sh.C.I-Every sg-homeomorphism is a gs-
(i) sh.B. (X1) and sh.C.H. (X) are proper homeomorphism. But the converse is not true in

subsets of sgh (X) . general.
In fact, an sgh will not necessarily be an sh.C.H
or an sh.B. _ 5.2 gsc-Homeomor phisms and gc-
Proposition 8 _ Homeomor phisms
It may happen that sgch (¥,is a proper subset
of sgh (X7). _ _ Definition 14:
In fact, an sgh will not necessarily be an

A mapf: (X,;1) - (Y,0) is called a gs-iresolute

sgch. A _ _ )
From remark 1, Propositions 6-8 and Theorem 1map it f7(F) is gs-closed in (X) for every gs

we have the following Theorem 2. ggfsiﬁidtiz?]lzl:ss' (v.9).
Theorem 2: ’

If f: (X,1) - (Y,0) is a map, then we have ﬁonzr:a%enc]; één? if ~(Y,0) is called a gsc-
the following diagram of implications: P



() fis bijective

(i) fis gs-irresolute

(iii) The inverse map™ is gs-irresolute.
Proposition 10:

Every gsc-homeomorphism
homeomorphism.

Definition 16 :

A map f: (X,;1) - (Y,0) is called gc-
irresolute iff* (F) is g-closed in (X) for every
g-closed set F in (6).
Definition 17 :

A map f: (X1) -
homeomorphism if
(i) fis bijective

(i) fis gc-irresolute
(iii) The inverse map™ is gc-irresolute.
Example 4:

X =Y ={a,b,c}.

Definet = {¢,{a, b}, X} and

o ={¢,{b},{a, b}, Y}. Then(X,7) and (Yp)are
topological spaces.

Define a magf: (X,7) — (Y, o) be the identity
map so that

implies

(Y,0) is called a gc-

fla)=a
f(b)=b
flo) =c.

Thenf is a gc-homeomorphism frorfX,7) to
(Y,0). Howeverf is not ags¢ homeomorphism.
Example5:

X=Y={ab,c}

Definet = {¢,{aHa, b}, X} ando =
{¢,{a},{b},{a, b}, {b,c},Y}. Then(X, 1) and
(Y,o)are topological spaces.

Define a magf: (X,7) — (Y,0) by

f(a)=b
fb) =a
flo) =c.

Thenf is a gsc-homeomorphism frofX, 7) to
(Y, o). However f is not agc-homeomorphism.
Remark 2 :

It can be shown that the concepts of gs
homeomorphisms and gc-homeomorphisms a
independent of each other using examples 4, 5.

Corollary 1:
Every homeomorphism is a
eomorphism.

gsc-hom-

The converse is not true is general as we
shall see in Example 7.
Remark 3:
The following two examples show that the

a gsconcepts of semi-homeomorphisms (C.H.) and

gsc-homeomorphisms are independent of each
other.
Example 6:

X ={a,b,c}
Definet = {@,{a},{a, b}, X} .Then(X,7) is a
topological space.
Define a magf: (X,7) — (X,7) by

fl@=c
f)=>b
flc) =a.

Thenf is a semi-homeomorphism (C.H.) .
However f is not agsc homeomorphism.
Example 7:

X=Y={ab,c}
Definet = {®,{a},{a, b}, X} ando =
{0,{a},{b},{a, b}, {b,c},Y}. Then(X,7) and
(Y,o)are topological spaces.
Define a magf: (X,7) — (Y,0) by

f(a)=b
f(b) =a
flo) =c.

Thenf is not a semi-homeomorphism (C.H.)
and so it is not a homeomorphism. Howeves,
agsc homeomorphism.

5.3 g.Homeomor phisms

Definition 18:
A map f: (X;1) - (Y,0) is called a g-
homeomorphism if
() fis bijective
(i) fis g-continuous
(i) fis g-open
Proposition 11:

Every g-homeomorphism is a gs-

Chomeomorphism.
R_Remark  4:

From corollaries, examples, theories and
remarks described in previous sections, Figure 7
is obtained.



gc-homeomorphism <__|_’g»homeomorphism

homeomorphlsm

N AY

semi- homeomorphlsm(C H. )—Psgc homeomorphls

vl

semi- homeomorphlsm(B)
Figure7

where p- q(resp,p - q)represents that p
implies q(resp.p does not always imply q).
[1]

6. Computing Homeomor phism 2]

Digitization is not as easy as it looks. If one
digitizes a 3D object even with a dense samplink]
grid, the reconstructed digital object may have
topological distortions. In [6], it was proved that
it is possible to repair the obtained digital image
in a locally bounded way so that it isp
homeomorphic and close to the 3D object. This
study showed that the resulting digital object is
always well-composed, which has nice
implications for a lot of image analysis problems[5]
Two  algorithms  for  constructions  of
homeomorphic sub-trees were proposed in [7] to
solve the problems in  computational
evolutionary biology. [6]

7. Conclusion

In this paper, a number of problems relating
to homeomorphisms and semi-homeomorphisms
in generalized topological structures is presented.
Three topological structures a generalized
topological structures sg-homeomorphisms and
sgc-homeomorphisms  certain  problems in
relation to gs-homeomorphims, gsc-
homeomorphisms, gc-homeomorphisms and g-
homeomorphisms are studied.

gsc- homeomorphlsm «——=95 homeomorphism

X

sg homeomorphism
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